Gurson's model and its numerous modications are established for simulating ductile failure. However, this model is formulated within the theory of simple materials which is why it predicts a localization of deformation within an innitesimally thin band for the softening regime. Corresponding FEM simulations exhibit a spurious mesh dependency. In order to overcome this problem, several heuristic extensions of Gurson's model to non-local or gradient theories were proposed in literature. Although these extensions are computationally eective, the particular implementation and interpretation of the additional terms and the corresponding constitutive parameters is problematic. In contrast, the extension of Gurson's model by Gologanu et al. [12] (GLPD model) towards strain gradient media by homogenization does not have these problems but its numerical implementation is considerably more complicated.
Introduction
Ductile damage and the associated failure of components is critical in many engineering applications.
The ductile mechanism consists of the nucleation, growth and coalescence of microscopic voids during plastic deformations. The constitutive model of Gurson [14, 15] and its numerous modications are established to simulate the ductile damage and failure of components. For recent reviews, the reader is referred to [1, 2, 4] . The problem of Gurson's model, and actually of all damage models which are formulated within the framework of simple materials, is that they predict a localization of deformation within an innitesimally thin band at the onset of macroscopic softening. This prediction is physically unrealistic and contradicts the basic assumptions of continuum mechanics, namely that the macroscopic gradients need to be negligible compared to characteristic length scales of the microstructure (separation of scales). Mathematically, the underlying boundary value problem becomes ill-posed and with decreasing element size, corresponding FE simulations converge only to a physically unrealistic innitesimally thin band of localization, often termed a spurious mesh-dependence. In reality, microstructural length scales limit the macroscopic gradients and thus determine the nite size of localization bands.
For the ductile mechanism, the distance of voids or void nuclei forms this characteristic microstructural length scale. Thus, it was recognized that it is necessary to include the relevant microstructural length scale as intrinsic length into the macroscopic continuum description in order to regularize the boundary value problem in the softening regime. For this purpose, nonlocal [18, 21, 25] and gradient extensions of Gurson's model [22, 26] were proposed heuristically. In particular, so-called implicitly gradient enriched formulations turned out to be advantageous for numerical simulations as they can be implemented to available nite element codes without requiring any change to the global program but only a single additional nodal degree of freedom. However, due to their purely heuristic formulation, the interpretation of the additionally necessary boundary conditions is problematic. In addition, the heuristic nonlocal or gradient extensions were mostly introduced as linear terms which seems questionable in the context of the highly nonlinear Gurson model or other constitutive models of ductile damage.
In contrast, Gologanu et al. [12] extended Gurson's homogenization approach to the strain-gradient theory whereby it turned out that the additional gradient terms, and consequently the distance of voids as intrinsic length, enter the yield function and thus have indeed a highly non-linear contribution.
Numerical results [3, 6] show that this model overcomes the aforementioned problems in principle.
The problem with the model of [12] (GLPD model) is its cumbersome FE implementation. A strain gradient theory imposes stronger restrictions to the continuity which cannot be fulll by standard polynomial shape functions. Even if this problem is circumvented by hybrid or penalty formulations, the computational eort raises dramatically since the complete strain tensor becomes a nodal variable 1 .
To sum up the current state of ductile damage models which can handle localization, it can be said that one has to chose between computationally ecient but purely heuristic implicit-gradient enriched Gurson models [22, 26] or the micromechanically sound but computationally expensive strain-gradient GLPD model [12] . Comparing these approaches shows that both types are subclasses of generalized micromorphic continua in the sense of Forest [10] . The implicit-gradient enriched models postulate an additional PDE of balance type on the porosity, which drives the softening in Gurson's model, or the directly related dilatational strain, which is why they can be classied as microdilatational continua.
The strain-gradient theory of Gologanu et al. [12] can be classied as a constrained micromorphic theory where microdeformation and macrodeformation are constrained to coincide.
It is the scope of the present contribution to combine the computational eciency of implicit-gradient enriched models with the micromechanically sound basis of the GLPD model. For this purpose, Gurson's model shall be extended to the theory of unconstrained microdilatational media [11, 13] by homogenization. The present paper is organized as follows: In section 2 the general theory of homogenization towards micromorphic continua of Hütter [16] is conned to microdilatational media and adapted to a medium with voids, including the macroscopic balance equations, the extended Hill-Mandel lemma and the micro-macro relations for all involved kinematic and kinetic quantities. The particular microdilatational model for ductile damage is derived in section 3 by a limit load analysis for the plastic behavior and closed-form solutions for the homogenization of the elastic behavior. Section 4 discusses whether and how established heuristic extensions of Gurson's model can be adapted to the microdilatational model before section 5 closes with a short summary and outlook.
Homogenization towards a microdilatational continuum
In the symbolic tensor notation, scalars, vectors and tensors of second and third order are denoted by a, b, c , d , whose components in a Cartesian frame are a, b i , c ij and d ijk , respectively. Single and double contractions of them are written as · and :, respectively, and are computed from left to right, e. g. 1 The recently proposed technique by Bergheau et al. [3] requires fundamental modications of the compilation of the global system of equations and is thus hardly suitable for standard multi-purpose FE codes.
c : e = c ij e ij . The dimension of space is n = δ kk (2 or 3). Capital Latin letters refer to the macroscopic level whereas lowercase symbols denote microscopic quantities. In cases where this convention might be confusing, macroscopic quantities are labeled by an overbar. For instance, the macroscopic and microscopic location vectors are X and x, respectively, whereas Φ and Φ are the macroscopic and microscopic values of the specic intrinsic energy, respectively. The index of the nabla operator, ∇ x or ∇ X , indicates whether it is computed with respect to the microscopic or the macroscopic location vector, respectively.
Averaging
For the homogenization procedure, it is useful to start with providing a general averaging procedure for transferring a general balance equations at the microscale of type
to the macroscale. Therein, ϕ m , ψ a and ψ m are general storage, ux and source densities, respectively, and ρ is the mass density. According to Eringen [7] (and outlined in [16] ), macroscopic counterparts to these balance equations are obtained by dividing the domain Ω into small but nite subdomains ∆V (X). Approximating the global sum of those many subdomains as an integral and application of Gauss' theorem leads to the macroscopic balance law
Therein, the volume averaging operator is denoted as (3) and the surface operator was specied in [16] as
wherein the relative location vector ξ = x − X was introduced as distance between macroscopic and microscopic locations and ∂∆V denotes the boundary of ∆V . The macroscopic location is dened as the geometrical center X = x V of ∆V .
Macroscopic balance equations
The macroscopic balance equations are obtained by applying the average procedure (2) to the relevant microscopic balance equations which are, for a Cauchy continuum at the microscale, those of energy, and linear and angular momentum (having incorporated already the balance of mass):
Energy:
Linear momentum:
Angular momentum:
Therein, Φ is the specic intrinsic energy and σ , v, f and q denote the stress, velocity, body force and heat ux, respectively.
Within a rst order micromorphic theory, the microscopic velocity eld v(x) is replaced in (8) by the linear approximationṽ
For a microdilatational theory, the rate of microdeformation is taken to be purely spherical
wherein .
χ(X) is the rate of microdilatation. The factor 1/n (1/3 in 3D or 1/2 in 2D, resp.) is introduced for convenience only so that the work-conjugate stress is the hydrostatic stress and .
χ corresponds to a dilatation. Thus, the macroscopic energy balance (8) becomes
χ (11) and allows to dene the macroscopic values of intrinsic energy, mass density, stress, body load and heat ux as Φ, ρ, Σ , f and Q, respectively, as labeled. In addition to these classical terms, the hyperstress vector M and inertia terms and body loads, I r and f h , respectively, appear which are associated with the microdilatation χ. In (11), it was assumed for simplicity that the volume element ∆V is central symmetric so that its centers of mass and geometry coincide which is why the terms with ρ(x − X) V vanish. For a geometrically linear analysis, the macroscopic counterpart to the balance of mass is that the macroscopic density ρ and the moment of inertia ρI r are constant. For deriving a balance of internal energy, expressions for the divergences ∇ X · Σ and ∇ X · M of the classical stress Σ and of the hyperstress M are necessary to dissolve the bracket in the rst term on the right hand-side of (11) (which corresponds to the macroscopic ux of mechanical work). Firstly, application of average procedure (2) to (7) yields the classical macroscopic balance of linear momentum
The balance of linear momentum (6) weighted by x exhibits also the structure of a balance equation (1) . Together with (12), a macroscopic counterpart
can be derived which relates the divergence of the hyperstress M to the dierence stress s and corresponding body forces and inertia terms (cf. [16] ). Eq. (13) can be interpreted such that, in absence of body forces and inertia, the dierence s between the hydrostatic parts of macroscopic stress Σ and average stress σ V is the source of hyperstresses M . Furthermore, the balance of angular momentum requires the macroscopic stress to be symmetric
Inserting (12), (13) and (14) into (11) yields the balance of internal energy as
whereby the macroscopic rates of deformation were introduced as
Thermodynamic considerations
If the continuum at the microlevel is a Coleman-Noll continuum so that the specic internal energy Φ(ε , η, h) as a function of strain, specic entropy and intrinsic variables, respectively, is a potential for stress σ and temperature θ, i. e. θ = ∂Φ/∂η and σ = ρ∂Φ/∂ε , the microscopic energy balance (5) reduces to ρD − ρθ
This equation is also of balance type and its macroscopic counterpart according to (2) can be used to eliminate the heat ux from the balance (15) of internal energy yielding
Therein, ρD is the microscopic dissipation due to change of intrinsic variables which implies a corresponding denition of the macroscopic dissipation D in (17) . Applying the chain rule for the functional dependencies of the intrinsic energy Φ(ε , η, h) on the left-hand side of (17), the dissipation and entropy terms drop out and what remains is a generalized Hill-Mandel lemma σ :
Micro-macro relations for compact material
For a fully micromorphic theory, i. e. with arbitrary microdeformation tensor .
χ , the kinematic micromacro relations were established in [16] for a compact domain ∆V as
.
whereby G = ξ ⊗ ξ V refers to the second geometric moment. For a microdilatational theory, it is required that the rate of microdeformation .
χ is spherical according to (10) . Thus, the non-classical relations (21) and (22) become with (16) .
2 Note that the choice of objective rates of deformation, and thus of their work conjugate stresses, diers in literature, e. g. between Eringen at al. [8] and Forest et al. [11] . The present choice is adapted to Eringen. Alternatively and equivalently, Forest et al. χ whose work-conjugate stresses in (15) would bē σ := Σ + s I , M and s := −s, respectively. Within the homogenization procedure of [16] , the former is identied as σ = σ V , compare (13) .
By equating these expressions to (21) and (22), the kinematic micro-macro relations of the microdilatational theory are found as (25) .
In contrast to the classical kinematic micro-macro relation (20) , the volume averages (•) V in the additional microdilatational relations (25) and (26) cannot be transformed completely to surface integrals which is why they cannot be prescribed uniquely to the microscopic volume ∆V (X) by kinematic boundary conditions. Thus, the concept of minimal loading conditions proposed by Jänicke and Steeb [19] is employed as in [16] to fulll the kinematic micro-macro relations (20), (25) and (26) . If the material at the microscale is elastic, it is implemented into the principle of minimum potential energy via Lagrange multipliers as
whereby (19), (20), (25) and (26) were translated to displacements u. The corresponding stationarity conditions are the kinematic micro-macro relations and
The stationarity condition (28) can be generalized to hold also for inelastic material if the variation δu is interpreted as kinematically admissible test eld (virtual displacements). Among those kinematically admissible elds is the actual velocity eld v(x). Inserting it to (28) and comparing it with the generalized Hill-Mandel lemma (18) in the light of the kinematic micro-macro relations (20) , (25) and (26) , shows that the Lagrange multipliers correspond to the respective work-conjugate macroscopic stress measures
and λ U = 0. With this substitution, the Euler-Lagrange equations to (28) read
The term Σ in the natural boundary condition (31) corresponds to the static boundary conditions in classical homogenization. Regarding the additional microdilatational terms, the dierence stress s enters the PDE (30) and the hyper stress M contributes to the tractions (31), both being linearly dependent of the relative location ξ. Furthermore, M appears in the volume (30) as a source term which is necessary for the elds to be self-equilibrating. The latter condition requires furthermore that the macroscopic stress Σ is symmetric according to (14) . Note that inserting (30), (31) into the denitions of the macroscopic stress measures Σ , s and M according to (11) and (13) in terms of the surface operator (4) leads to identities rendering the theory consistent.
Alternatively to (31), kinematic boundary conditions can be described which then have to fulll the respective parts of the kinematic micro-macro relations ad-hoc. Inserting (24) to the kinematic boundary conditions derived in [16] for a fully micromorphic theory yields
which contains, in addition to the classical one, quadratic terms with .
K. It can be veried that (32) fullls the kinematic micro-macro relations (20) and (26) for ∇ X V and .
K. In contrast, the micro-macro relations (19) and (21) for the velocity V and microdilatation χ cannot be transformed to surface integrals and thus not be prescribed by boundary conditions. Instead, (19) and (21) still need to be enforced by Lagrange multipliers as in (27) or (28), respectively.
Micro-macro relations for porous material
Let us consider a volume element ∆V = V mat ∩ V void composed of matrix material x ∈ V mat and voids x ∈ V void , the latter having a volume fraction of f = V void /∆V . In classical homogenization, the only kinematic micro-macro relation (20) can be transformed to a surface integral
For this reason, the microscopic velocity eld v(x) needs to be uniquely dened only on ∂∆V (X) which is unproblematic if the boundary is in the matrix only, i. e. ∂∆V (X) ∩ V void = ∅. In contrast, the microdilatational micro-macro relations (25) and (26) cannot be transformed completely to surface integrals. That is why it these relations need to be enforced globally requiring, however, that v(x) is well-dened in the complete domain ∆V . Unfortunately, in a porous material, the velocity eld v(x) cannot uniquely be dened in the voids so that (25) and (26) cannot be applied in their present form. Nevertheless, it can unambiguously be assumed that the stress eld σ = 0 vanishes in a void. If the void is furthermore associated with a vanishing mass density ρ = 0 and heat ux q = 0, even all microscopic balance equations (5)(7) remain valid in the void. Consequently, the homogenization procedure outlined in sections 2.12.2 holds also for porous material, including in particular the micromacro relations (11) and (13) for the stress measures Σ , s and M. Thus, what is to be adapted to porous material are the kinematic relations (25) and (26) . The fact that the kinematic relations in their present form are not suitable to porous material is reected also in the fact that s and M, in their role as Lagrange multipliers to enforce (25) and (26), act as microscopic volume forces in (30) which cannot be carried by a void with σ = 0. Within the minimum loading conditions concept according to eqs. (27) and (28), respectively, these volume forces occur only since the voids V void are part of the averaging domain ∆V in (27) and (28) . Vice versa this means that the voids have to be excluded from the averaging domain. For this purpose, an matrix averaging operator is dened as
Furthermore, (30) needs to be adapted to remain compatible with the kinetic micro-macro relations (13) for s and M. In the context of the minimum boundary condition concept, this requires for the linear term in (30) that the microdilatation be dened as
. (36) require ξ M = 0, which is fullled if the matrix material exhibits a central symmetry. In (36) the macroscopic velocity needs to be dened as 
which has no volume contributions in the void V void . The natural or essential boundary conditions, (31) or (32), respectively, remain valid if the macroscopic velocity is dened as (37). It can be veried, that in this case and with (38), the kinetic micro-macro relations (11) and (13) for the stress measures Σ , M and s are fullled identically.
Spherical volume element with pore
In particular, a spherical void of radius R void in a spherical volume element of radius R is considered, see Figure 1 . For this special case, the microscopic volume and the void volume fraction are ∆V = 4π/3R 3 and f = (R void /R) 3 , respectively. The volume average operator (3) can favorably be written as [1] (
wherein (•) S(r) denotes the arithmetic average over a spherical surface of radius r = |ξ|. The expression for the average (•) M over the matrix material is (39) with the lower limit of the integral replaced by R void . Furthermore, the geometric moments of the complete ∆V (X) and of the matrix are obtained as
respectively. Thus, the kinematic micro-macro relations (35) and (36) simplify to
whereby it was used that for the boundary of the spherical cell, the normal n coincides with the radial unit vector b r = ξ/R = n. The kinematic boundary condition (32) becomes
3. Microdilatational constitutive law of ductile material
Elastic-plastic material
As in classical elastic-plastic theory, all macroscopic deformation measures are split into elastic and plastic parts
whereby the plastic parts E pl , χ pl and K pl become macroscopic intrinsic variables. Subsequently, it is assumed that the intrinsic energy depends on the elastic parts only as well as on entropy S (and, potentially, on further intrinsic variables which describe the hardening behavior):
Thus, the work conjugate stresses are obtained according to (17) as
With (44) and (45), the macroscopic dissipation dened in (17) becomes
As in the original work of Gurson [14, 15] , the potential Φ(E el , χ el , K el ) is determined from a purely linear-elastic analysis wheres the evolution equations for the plastic behavior, i. e. yield condition and the associated ow rule, are derived from a limit load analysis for ideal rigid-plastic material.
Limit load analysis for rigid ideal-plastic material
For an ideal rigid-plastic material the microscopic specic dissipation is ρD = σ : d =: π. Thus, according to the denition (17) of the macroscopic dissipation as average of its microscopic counterpart, a limit-load analysis yields
whereby the innimum is taken over all kinematically admissible elds [1] . For a Mises material, the microscopic plastic dissipation is
Kinematically admissible are all incompressible elds
which fulll the kinematic micro-macro relations (20) , (25) and (26) The yield surface is given in parametric form as
A common result (see e. g. [1] ) for this type of models is that the yield surface Φ(Σ , s, M) = 0 is convex and the direction of plastic ow
is orthogonal to it, whereby λ is the plastic multiplier.
Trial fields
With symmetric tensor D , vector .
K and scalar .
χ, we have ten independent kinematic components which would require at least ten incompressible trial elds to cover them independently, i. e. at least four more than in Gurson's classical model. For the hollow sphere under consideration (Figure 1 ), the kinematic micro-macro relations for micro and macro dilatation, .
χ and D : I , respectively, exhibit a spherical symmetry which is why this symmetry applies also to the respective trial elds. However, there is only a single incompressible eld with spherical symmetry, namely that of Rice and Tracey [27] which is already among Gurson's classical trial elds. Thus, for an incompressible matrix there will be a kinematic constraint between the plastic parts of . χ and D : I . I. e., in addition to Gurson's trial velocity eld, we need only an additional term v K (ξ) to account for the gradient .
K of the microdilatation:
The incompressible matrix (50) requires β : I = 0 for the eld to be kinematically admissible. Due to the point symmetry/antisymmetry of the respective operators, the parameters A and β can be determined independently of a specic choice of K and incompressible. Thus, the approach of Gologanu et al. [12] is adopted and v K (ξ)
is derived in terms of a Helmholtz decomposition. The condition of incompressibility (50) requires that v K (ξ) derives from a vector potential Ψ(ξ):
The axial symmetry with respect to .
K is ensured by choosing
According to (56), this corresponds to a velocity eld
Obviously, a constant value of the yet undetermined function g K (r) corresponds to a pure rigid body translation in direction of .
K.
The macroscopic velocity (37) associated with the eld (58) amounts to
Inserting the eld (58) into to the kinematic micro-macro relation (26) leads to
Thus, it is required that the square bracket in (60) equals −2/3R
2 .
The macroscopic plastic dissipation (48) is bounded from above as in most Gurson-type models by
For the velocity eld (58), this upper bound value becomes
The rst derivative g K (r) dominates the term with the gradient .
K of microdilatation until the void volume fraction is not too small. Consequently, a linear ansatz is chosen for g K (r). Thus, (60) leads to K term to the radicand in (62) is a constant so that the 3 As in [23] solely requirement (26) is imposed and not the kinematic boundary conditions (32). The latter would imply the additional requirement g K (R) = −R/3.
integral in (62) can be solved exactly preserving the rigorous upper-bound character of the solution.
The integral yields
whereby the abbreviations
K with q M = 81 80
were introduced.
Yield function
For obtaining the yield locus, the macroscopic plastic dissipation Π in (51) needs to be amended by the kinematic constraint (55) which is enforced by a Lagrange multiplier λ v :
The parametric form of the macroscopic yield surface is obtained according to (51) from Π. Firstly, inserting (67) to the corresponding relation for the microdilatation
shows that the Lagrange multiplier corresponds to the microdilatational stress dierence. With this nding, the remaining relations from (51) read
In order to get an implicit expression, the quantities Q and P (which correspond to Mises stress and hydrostatic stress in Gurson's original model, respectively) need to be expressed in terms of the stresses Σ , s and M. For the hydrostatic part of (69) this is
whereas a close look on the deviatoric part of (69) and (70) in the light of (66) shows that
The parameters α and B eq of the implicit description Q(α, B eq ) and P (α, B eq ) can now be eliminated as in Gurson's original model. Finally, the yield function becomes
It can easily veried that an associated ow rule (52) and Φ with P in form of (71) satisfy the kinematic constraint (55).
Elastic behavior
For obtaining the macroscopic elastic properties of the microdilatational contiuum, the boundary value problem outlined in sections 2.4 and 2.5, respectively, has to be solved for elastic material behavior of the matrix material. In particular, isotropic linear elastic behavior σ = 2µ (m) ε +λ (m) I ε : I of the matrix material is considered corresponding to a specic mechanical intrinsic energy ρΦ = µ (m) ε : ε +1/2λ (m) (ε : I )
2 . Together with the isotropy of the spherical ∆V , the mechanical part of the macroscopic intrinsic energy (45) thus decomposes for symmetry reasons as
According to (46), the state law for the stress measures becomes
The macroscopic shear modulus µ (eff) can be determined by classical methods whose results can be found in textbooks. The three constants K
can be determined exactly from Navier's solution of a hollow sphere as shown in detail in appendix A.1. Note that K (eff) ε is not the macroscopic bulk modulus. Rather, for a macroscopically uniform deformation, the higher order balance of momentum (13) requires (in absence of volume loads and inertia) that s = 0. Thus, (75) 2 gives a relation between (the elastic parts of ) micro and macrodilatation. Solving for the microdilatation χ el and inserting this value to (75) 1 shows that the macroscopic bulk modulus is
For determining the coecient γ (eff) of the gradient term, an axisymmetric linear boundary value problem has to be solved. Here, for simplicity an approximate solution is constructed by the RayleighRitz method. Suitable trial elds could be the incompressible ansatz (58) with (63) from the limit load analysis or to extend the quadratic eld u = 1/3ξK · ξ from the essential BC (43) to the complete domain
x ∈ ∆V as in [17] . It turns out that for an elastically compressible matrix, the latter leads to a lower elastic energy, i. e. to a better result, and the elastic gradient coecient can be estimated as
Heuristic extensions
In a strict sense, Gurson's yield function applies to rigid ideal-plastic material only. It is thus of little practical use until several heuristic extensions are introduced. Of course, this is the case for its microdilatational extension as well which is why several established extensions shall be discussed and adapted to the present microdilatational model. Most signicant are presumably the extensions to elastic-plastic behavior, to work-hardening and to the evolution of the void volume fraction f , which were proposed by Gurson [14] himself. Isotropic hardening is incorporated by replacing the matrix yield stress σ 0 in yield function (73) by some eective valueσ =σ(ε eq ) which is postulated to be a function of the equivalent accumulated plastic strain ε eq . The evolution of ε eq is driven by the macroscopic plastic dissipation. For the microdilatational model (47) changedwith ow rule (52) and a yield function Φ in the form of (73), the evolution equation becomes .
ε eq = 1
The evolution equation of f
can be adapted one-by-one from Gurson. The growth term . χ pl is linked to the macroscopic plastic dilatation D v by the kinematic constraint (55), which could be inserted equivalently to (78). The incompressibility of the matrix implies also the evolution equation
of the intrinsic length R which is to be interpreted as mean half-distance of voids.
Without any problem, the models of continuous strain-controlled void nucleation by Chu and Needleman [5] or by Zhang [30] can be used for .
f N . In this case the intrinsic length R is to be interpreted as the mean of the half distance of potential nuclei. The adaption of stress-controlled nucleation would require to specify the roles of the additional stress measures s and M on this process, in the simplest case they are neglected.
the Although the derivation of the yield function (73) ensures that it is a rigorous bound for rigid idealplastic matrix material, for practical applications it is more relevant to improve the predictive quality of the model for elastic-plastic material with hardening. For this purpose, Tvergaard [28] introduced the parameters q 1 and q 2 and replaced in the Gurson yield function f by q 1 f and P by q 2 P , respectively.
Extensive parameter studies with cell models were performed in literature, see e. g. [9] . Although such cell models did not incorporate the non-classical macroscopic deformation measures of the present theory, the classical theory and thus the performed cell model simulations are a special case of the microdilatational framework and should therefore be captured adequately as well. Recently, coalescence models of Thomason-type attracted research activities (for a recent review the reader is referred to Benzerga et al. [2] ). If they are implemented as a second yield condition they are not suitable for the present microdilatational framework since softening can then be driven also by deviatoric deformations. For the same reason the shear modication of Nahshon and Hutchinson [24] is inadequate. However, well-suited for the microdilatational model is the approach of Zhang [30] to implement the approach of Tvergaard and Needleman [29] with f c determined from Thomason's criterion (or one of its recent enhancements) in dependence of the current stress state.
Summary, conclusions and outlook
In the present contribution, Gurson's model of ductile material degradation is extended towards the theory of microdilatational media. For this purpose, the theory of micromorphic homogenization for compact media [16] is conned to the special case of microdilatational continua and extended towards porous media. As in Gurson's original work, the yield function is obtained from a limit load analysis for ideal rigid-plastic matrix material of Mises type. In order to identify the contribution of the hyperstresses to the yield function, additional trial elds from the family of Gologanu et al. [12] are adapted.
Consequently, the hyperstresses enter the resulting yield function as in [12] together with an intrinsic length. Compared to the strain-gradient theory of [12] , the so-called dierence stress enters additionally the yield function in the present microdilatational model. As usual the model is extended towards elastic-plastic behavior by postulating an additive split of all deformation measures into elastic and plastic parts. The elastic moduli of the non-classical terms are determined in closed form by homogenization as well. It turned out that the microscopic plastic incompressibility of the matrix material implies a constraint between the plastic parts of microdilatation and macroscopic dilatation whereas the elastic parts of both quantities dier in general. That is why the model falls into the class of unconstrained micromorphic continua which are well-suited for an implementation into standard nite element codes.
Several established heuristic extensions of Gurson's model, in particular regarding hardening and void coalescence are discussed and adapted to the microdilatational model.
Future nite element implementations and corresponding simulations have to show whether the developed model can combine computational eciency with predictive capabilities of the model of Gologanu et al. [12] as envisaged. Denitively, the developed model will be adequate only in situations when softening is driven by void growth and the associated dilatation, i. e. for medium to high levels of stress triaxiality (a restriction which applies to Gurson's model as well). Under low levels of stress triaxiality, the change of void shape becomes relevant. A challenging future task will be to develop a fully micromorphic model which incorporates void shape eects.
A. Appendix 
